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Abstract. We construct dual formulation of linearised gravity in first order tetrad
formalism in arbitrary dimensions within the path integral framework following the
standard duality algorithm making use of the global shift symmetry of the tetrad
field. The dual partition function is in terms of the (mixed symmetric) tensor field
Φ[ν1ν2···νd−3]ν in frame-like formulation. We obtain in d-dimensions the dual Lagrangian
in a closed form in terms of field strength of the dual frame-like field. Next by coupling
a source with the (linear) Riemann tensor in d-dimensions, dual generating functional
is obtained. Using this an operator mapping between (linear) Riemann tensor and
Riemann tensor corresponding to the dual field is derived and we also discuss the
exchange of equations of motion and Bianchi identity.
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1. Introduction
The construction and study of dual formulation of physical systems have been of interest
always[1]. The different but equivalent formulation of a system is useful for studying
different phases or approximation that may not be transparent in one description.
Among the dual formulations in d-dimensions, duality between scalar field and d−2 form
theories is well-known. Currently there are many interesting attempts to extend this
duality to spin-2 theory (linear gravity) in particular and to arbitrary spin-s theories
in general. Part of the motivation for the former is to understand hidden symmetry
in gravitational theory, if any. An earliest approach to obtain strong-weak duality for
gravitational theory was first made in [2]. An analogue of S duality for 4d linearised
gravity in MacDowell-Mansouri formalism was made in [3]. It has been shown recently
in [4, 5, 6, 7, 8] that the spin-2 theory can be formulated in terms of a mixed symmetric
tensor having Young symmetry (d-3,1) in d-dimensions. This was obtained either as
on-shell equivalent theories or in a non-covariant way. Mixed symmetric tensor gauge
fields have been studied, more as a generalisation of p-form theories[9, 10]. Curtright
[10] in particular has given a construction in terms of φ[µν]λ with φ[[µν]λ] = 0 (here,
square bracket [ ] denotes antisymmetry), which describes linearised gravity in 5-dim.
Zinoviev [11] has generalised this construction in a first order formulation for more
general cases. Recently, starting from a first order formulation of spin-2 theory [12],
Boulanger, Cnockaert and Henneaux [13] have constructed dual spin-2 theory in a
manifestly covariant and off-shell formulation. These authors have shown that in 4-
dimensions, the dual theory is same as the original Fierz-Pauli (FP)theory while in
5-dimensions, the dual theory turned out to be the one given by Curtright[10]. It
has been also shown that in arbitrary d-dimensions, the dual theory is formulated in
terms of field, φ[µ1µ2···µd−3]ν obeying the condition of vanishing cyclic sum of indices, i.e.,
φ[[µ1µ2···µd−3]ν] = 0. This construction has been also been obtained starting from AdS
background by Matveev and Vasiliev [14]. The duality invariance of the 4d linearised
gravity action was shown by Henneaux and Teitelboim [15]. There are also attempts
to extend dual construction to non-linear gravity also [16]. All these studies have been
made in metric-like formulation. In this work we construct dual theory for s=2 in
frame-like formulation.
Dual theories have been generally obtained based on the algorithm developed in [17].
This method relies on the existence of a global symmetry and has been fruitfully applied
in string theory[18]. This method has also been applied to show Bosonisation as duality
[19], to exhibit different formulations of massive gauge theories as dual formulations [20]
and also in fractional quantum Hall effect [21](for a review of this method, see [22]). This
raises the question of deriving the dual spin-2 theories applying this method. In this
paper we show that within this standard duality construction, based on the existence
of the global shift symmetry, dual partition function and the generating functional for
linear gravity in d-dimensions can be obtained in frame-like formulation
The standard FP theory (which is same as the linear level approximation of general
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relativity) has symmetric second rank tensor hµν as the basic field and its Lagrangian is
L =
1
2
∂αh
µν∂αhµν − ∂νh
νµ∂βhβµ + ∂νh
νµ∂µh
α
α −
1
2
∂µhαα∂µh
β
β (1)
which is invariant under δhµν = ∂µǫν + ∂νǫµ. Instead of the metric-like formulation, i.e.,
symmetric tensor, as the dynamical field, one can have an equivalent spin-2 description
in terms of the frame field, i.e., tetrad field eµν (where no symmetry is assumed between
the indices). The corresponding Lagrangian is [11]
L =
1
8
T[µν]λT
[µν]λ +
1
4
T[µν]λT
[µλ]ν −
1
2
TµT
µ (2)
where the field strength is T[αβ]λ = ∂αeβλ − ∂βeαλ and Tα = T
β
[αβ]. Note that the world
index and tangent space index are not distinguished since we work at the linear level.
The above Lagrangian is trivially invariant under the transformation
δǫeµν = ∂µǫν (3)
and for the specific choice of the coefficients in equation (2) under
δΛeµν = Λ[µν]. (4)
Using this invariance in equation (2) one can gauge away the anti-symmetric part of the
field eµν leaving only the symmetric part and then equation (2) reduces to Lagrangian
in equation (1). The first order Lagrangian equivalent to the above one in equation (2)
is given by
LI = −
1
2
ωµ[να]ων[µα] −
1
2
ωµ[να]T[να]µ +
1
2
ωµω
µ − ωµTµ. (5)
Here ωµ = ω
ν
νµ. This Lagrangian is invariant under the transformations in equation(3)
as well as under
δΛωµ[αβ] = ∂µΛ[αβ], δΛeµν = Λ[µν]. (6)
Note that this first order form is valid in d-dimensions and differs from the starting
point of [13] by a field redefinition. ‡ In this paper we start with the Lagrangian given
in equation (5) instead of FP theory directly and obtain the equivalent dual model in
arbitrary dimensions, but in frame-like formulation.
In the method adopted [17] one considers a theory which has a global symmetry
and this global symmetry is gauged to a local one by introducing an appropriate gauge
field. The dual field strength of the gauge field is then constrained to vanish by means of
a multiplier field. Integrating the multiplier field and the gauge field (which will become
pure gauge now), original theory results. Instead, integrating out the original field and
the gauge field gives the dual theory where the multiplier field becomes the dynamical
field. It is well known that this method applied to massless scalar field leads to d-2 form
‡ The field redefinition
ωα[βγ] = Y[βγ]α +
2
D − 2
ηα[βY
ρ
γ]ρ (7)
in (5) leads to the starting point of [13] (up to an overall scale).
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gauge theory. Applied to Maxwell theory in 4-dimensions, lead again to Maxwell action
in terms of dual vector potential[23].
The global symmetry which we make use of is shift of the tetrad field. Hence
it is extendable to coupling sources with suitable fields, such that global symmetry is
preserved. Then the equivalence between the correlation functions can be derived. The
main results obtained here are :
(i) Derivation of the dual partition function for linear gravity, described by the dual
frame-like field, Φ[ν1ν2···νd−3]ν in a closed form in terms of field strength.
(ii) By coupling source to (linear) Riemann tensor, we obtain the equivalent dual
generating functional and infer the operator mapping between Riemann tensor and
its dual equivalent.
This paper is organized as follows. In section 2 we consider 4-dim. spin-2 theory
described by equation (5) and, derive equivalent theory. In section 3, deals with duality
in dimensions d>4. In Section 4 dualisation of the theory with external source is dealt
and the mapping between the correlators are derived. Our concluding remarks are given
in section 5. We use ǫ0,1,2..d−1 = 1 and the metric gµν = diag(1,−1,−1,−1, · · · ,−1).
Appendix gives the details of duality between the equation of motion and Bianchi
identity.
2. Dual theory in 3 + 1-dimensions
In this section we construct the dual formulation of massless spin-2 theory described
by the Lagrangian in equation (5) in 3 + 1 dim. The first-order theory described by
the Lagrangian in equation (5) is invariant under the gauge transformations given in
equation (6). Apart from this, the Lagrangian is also invariant under the shift of eµν
field by a global parameter, i.e., under
eµν → eµν + ǫµν . (8)
We gauge this symmetry by introducing a gauge field K[µν]λ which transform as
K[µν]λ → K[µν]λ + ∂µǫνλ − ∂νǫµλ, there by making the theory invariant under local
shift of eµν field. Here the gauge field K[µν]λ is a mixed symmetric tensor having same
symmetry in its indices as the field T[µν]λ. Now to bring it equivalent to original theory,
the dual of the field strength ∂µK[νσ]β should vanish. This is enforced by a multiplier
field φβρ (there is no symmetry in the indices of multiplier field). Thus the master
Lagrangian which is equivalent to equation (5) is :
L
(4)
M = −
1
2
ωµ[να]ων[µα] +
1
2
ωµωµ −
1
2
ωβ[νσ](T[νσ]β −K[νσ]β)
− ωνTν + ω
νKν +
1
4
ǫµνσρ(∂µK[νσ]β)φ
β
ρ . (9)
This master Lagrangian has to satisfy two conditions: (1) It must possess all the
symmetries of the original Lagrangian given in equation (6) and (2) when the multiplier
field equation is imposed, the master Lagrangian should reduce to the original theory.
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The first condition is satisfied by demanding that under the transformation of eµν and
ων[αβ] in equation (6), we also have
δΛK[νµ]α = 0, δΛφµν = ǫµνρσΛ
[ρσ] ≡ Λ˜[µν] (10)
It is interesting to note that the transformation parameter of original field eµν and the
multiplier field φµν are dually related, which means both undergo transformation by an
antisymmetric parameter. The invariance under the transformation in equation (3) is
trivially present as the fields eµν appear in L
(4)
M only through T[µν]α. It is easy to see
that the second condition is satisfied as eliminating φµν field sets K[µσ]β = ∂µǫσβ −∂σǫνβ
which can be used to redefine e
′
µν = eµν − ǫµν to get back the original theory. Note that
in the action LM , φµν is arbitrary up to an addition of ∂µǫ˜ν . This translates into gauge
symmetry of the dual field.
We start the dualisation from the partition function
Z =
∫
DφαβDeµνDωσ[ρλ]DK[θτ ]γ e
−i
∫
d4xL
(4)
M (11)
where the Lagrangian is given in equation (9). Now to obtain the dual theory we
integrate out the gauge field. As the gauge field appears only linearly in the action,
integrating K[νσ]β in the above partition function results the delta function
δ(
1
2
ωβ[νσ] +
1
2
(ωνgσβ − ωσgνβ) +
1
4
ǫµνσδ∂µφ
β
δ ) (12)
in the measure. The integration over ω field are now trivial as this delta function allows
one to replace the ω fields in terms of the multiplier field as given below.
ων =
1
4
ǫνµγβF[µγ]β
ωβ[νσ] =
1
4
[(gβσǫνµγλ − gβνǫσµγλ)F[µγ]λ − 2ǫ
νσµγF
β
[µγ] )] (13)
where F[µν]β = ∂µφνβ − ∂νφµβ is the field strength of multiplier field. It is easy to see
that when these solutions for ω are plugged back in the action, all e dependent terms
vanish and then the integration over e field just gives a multiplicative infinity which
can be absorbed in the normalization. Thus the partition function corresponding to the
dual theory is
Z =
∫
Dφµν e
−i
∫
d4xL
(4)
D (14)
where the effective Lagrangian is
L
(4)
D =
1
8
F[µγ]λF
[µγ]λ +
1
4
F[µγ]λF
[µλ]γ −
1
2
F µFµ (15)
where Fµ = F
ν
µν . Thus we see that the dual description is in terms of non symmetric,
rank−2 tensor. It is obvious that the above dual Lagrangian has δφµν = ∂µǫ˜ν symmetry
as F[µγ]λ has this symmetry. This Lagrangian is exactly the same in structure and
coefficients as that in the equation (2). Hence the dual theory also has the same
symmetry δφµν = Λ˜[µν](x).
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This result can also be seen directly by starting from the second order theory given
in equation (2). The corresponding master Lagrangian is
L
(4)
M =
1
8
T¯ [µν]αT¯[µν]α +
1
4
T¯ [µν]αT¯[µα]ν −
1
2
T¯ µT¯µ +
1
4
ǫµναβ(∂
νK [αβ]σ)φµσ (16)
where T¯ [µν]α = T [µν]α −K [µν]α and T¯ µ = T µ −Kµ. As earlier, we have introduced here
the gauge field K[µν]λ elevating the global shift invariance to a local one.
We start the dualisation from partition function
Z =
∫
DφαβDeµνDK[σρ]λe
−i
∫
d4xL
(4)
M (17)
where the Lagrangian is given in equation (16). By varying K [µν]α the equation of
motion following is
−
1
4
T [µν]α +
1
4
K [µν]α −
1
4
T [µα]ν +
1
4
T [να]µ +
1
4
K [µα]ν −
1
4
K [να]µ
+
1
2
T µgνα −
1
2
T νgµα −
1
2
Kµgνα +
1
2
Kνgµα −
1
4
ǫσβµν∂βφ
α
σ = 0. (18)
From this we get
T¯ µ = −
1
4
ǫµβσνF[βσ]ν
T¯ [µν]α =
1
4
(gαµǫνβσρ − gανǫµβσρ)F[βσ]ρ −
1
2
(ǫβσαµF ν[βσ] − ǫ
βσανF
µ
[βσ] ). (19)
Substituting this back in equation (17), which is equivalent to integrating out K [µν]α
and eµν we get the dual partition function
Z =
∫
Dφµνe
−i
∫
d4xL
(4)
D (20)
where L
(4)
D is same as given in equation (15). Thus even directly from second order
theory equation (2) one can arrive at the dual (second order) theory. The field content
and the form of the dual theory is same as the original second order form equation (2).
This is in agreement with earlier studies. This is similar to that of Maxwell theory in
3 + 1 dimensions. This completes the dualisation of 4d theory.
It should be noted that the technique adopted here to derive the dually equivalent
formulation is different from Fradkin-Tseytlin [24]approach. In contrast to the Fradkin-
Tseytlin approach, the necessary condition in the present approach is the existence of a
global symmetry in the original theory and is not restricted to a first-order formalism.
Moreover, in this approach, at every stage gauge invariance of the original theory is
preserved.
3. Dual formulation in dimensions-d > 4
In this section we first study the dual construction in 5-dim. and then generalise it to
arbitrary d dimensions. The difference between 4-dim. and 5-dim. case comes in the
term involving the multiplier field. This term, enforcing the flatness condition of the
dual field strength now has 5-d Levi-Civita` symbol and correspondingly, the multiplier
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field has a different tensorial structure compared to that in the 4-dim. case studied
above.
In the present case, thus we start from the master Lagrangian
L
(5)
M = −
1
2
ωµ[να]ων[µα] +
1
2
ωµωµ −
1
2
ωµ[να](T[να]µ −K[να]µ)
− ωνTν + ω
νKν +
1
12
ǫµνσαγ(∂µK[νσ]β)φ
β
αγ . (21)
Here the field strength is defined as F[µτγ]λ = ∂[µφ[τγ]]λ and φ[τγ]β field is mixed symmetric
Lagrange multiplier field. As in 4-dim case, demanding L
(5)
M to have the original
spin-2 symmetry requires δΛK[νσ]β = 0 and δΛφ[µν]λ =
3
2!
ǫµνλρσΛ
[ρσ](x) = Λ˜[µνλ]. The
corresponding partition function is
Z =
∫
Dφ[αβ]λDeµνDωσ[ρλ]DK[θτ ]λ e
−i
∫
d5xL
(5)
M . (22)
The partition function of the dual theory is obtained by integrating over the gauge
field K[µν]λ, original fields eµν and ωµ[νλ] as in the 4-dim. The gauge transformation of
the dual field, which is the multiplier field φ βαγ , results from the arbitrariness in its
definition in the master Lagrangian.
L
(5)
M equation(21)is invariant under the following transformation(up to a total
derivative)
φαβ,γ → φαβ,γ + ∂αǫ˜βγ − ∂β ǫ˜αγ (23)
where ǫ˜βγ is an arbitrary second rank tensor. The fields strength F[µτγ]λ is invariant
under this transformation.
The K[µν]λ integrations leads to the delta function condition (as in the 4-dim) which
now involve third rank mixed symmetric field and the ω[µν]λ field and is given by
δ(ωβ[νσ] + (ωνgσβ − ωσgνβ) +
1
6
ǫµαγνσF
β
[µαγ] ). (24)
The partition function of the dual theory is obtained by integrating over ωµ[νλ] which
can be done similar to 4d case leading to
Z =
∫
Dφ[αβ]λ e
−i
∫
d5xL
(5)
D (25)
where
L
(5)
D = −
1
6
F[µνγ]λF
[µνγ]λ −
1
4
F[µνγ]λF
[µνλ]γ +
3
4
F
ρ
[µγρ] F
[µγν]
ν . (26)
The gauge symmetries of the dual Lagrangian are given by
δǫ˜φαβ,γ = ∂αǫ˜βγ − ∂β ǫ˜αγ (27)
δΛφαβ,γ = Λ˜[αβγ]. (28)
These are the generalisation of equation(3) and equation (4) to 5d in dual frame-like
formulation. This is the same as the Lagrangian for spin-2 theory constructed in [11]
using the (2, 1) tensor gauge field φ[δγ]β.
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In [13] dual form of FP theory in 5-dim. was shown to described by the Lagrangian
L = −
1
6
(F[µνλ]γF
[µνλ]γ − 3F λ[µνλ] F
[µνρ]
ρ). (29)
Here also F[µνλ]γ = ∂[µφνλ]γ but the fields obey the condition φ[[µν]λ] = 0 which is absent
in the dual theory derived in equation (26). Hence the question arises as to how equation
(26) is related to equation (29) as both are dual to FP theory in 5 dim.
The Lagrangian in equation (29) is in metric-like formulation as the field satisfies
φ[[µν]λ] = 0, unlike the one given in equation (26) which is in frame-like formulation.
The connection between them can be seen by working in the gauge φ[[µν]λ] = 0, using
equation (28). Then the gauge transformation in the equation (27), which preserves this
gauge, is
δφ[νγ]λ =
1
3
[∂νA[γλ] + ∂γA[λν] − 2∂λA[γν]] + ∂[νSγ]λ (30)
where Aαβ = −Aβα and Sαβ = Sβα. Note that the most general Lagrangian involving
F[µνλ]ρ is
L = −(F[µνγ]λF
[µνγ]λ +BF[µνγ]λF
[µνλ]γ + CF λµγλ F
µγν
ν). (31)
F[µνγ]λ is invariant under Sαβ and by demanding the symmetry of (31) under A[γλ]
given in equation (30) gives the condition 3+B+C = 0. Thus there is a one-parameter
of theories and for a choice of B=0, C takes -3 which is Curtright’s Lagrangian.
Now extending this procedure to arbitrary dimensions is straight forward. The
starting Lagrangian is
L
(d)
M = −
1
2
ωµ[να]ων[µα] +
1
2
ωµωµ −
1
2
ωµ[να](T[να]µ −K[να]µ)
− ωνTν + ω
νKν +
1
2(d− 2)!
ǫµ1µ2µ3µ4···µd∂µ1K[µ2µ3]βφ
β
[µ4···µd]
. (32)
Here also in order to maintain the original spin-2 symmetry, the gauge field and
multiplier field undergoes the corresponding transformations, δΛK[µ2µ3]β = 0 and
δΛφ[µ1µ2···µd−3]ν =
(d−2)
2!
ǫµ1µ2···µd−3νσλΛ
σλ(x) = Λ˜[µ1,µ2···µd−3ν].
The gauge freedom associated with the dual field ( i.e, multiplier field) owes to the
arbitrariness in its definition in the action for L
(d)
M by
δǫ˜φ[µ1µ2···µd−3]ν = ∂[µ1 ǫ˜µ2···µd−3]ν (33)
where ǫ˜µ1···µd−4ν is antisymmetric in first µ1to µd−4 indices.
Now after integrating out the gauge field K[µ1µ2]β and the original fields eµν , ωµ[νλ]
as in 4-dim. and 5-dim. we get the dual Lagrangian in frame-like field as
LD =
1
2(d− 2)(d− 2)!2
ǫµ1µ2µ3µ4···µdǫν1µ2ν3ν4···νdF[µ1µ4···µd]µ3F
[ν1ν4···νd]ν3
−
1
2(d− 2)!2
ǫµ1µ2µ3µ4···µdF ν2[µ1µ4···µd] ǫν1ν2µ3ν4···νdF
[ν1ν4···νd]
µ2
(34)
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where the field strength Fµ1···µd−2,ν is ∂[µ1φµ2···µd−2]ν and is invariant under ǫ˜ transforma-
tion in equation (33). The symmetries of this dual Lagrangian are
δǫ˜φ[µ1µ2···µd−3]ν = ∂[µ1 ǫ˜µ2···µd−3]ν
δΛφ[µ1µ2···µd−3]ν = Λ˜[µ1µ2···µd−3ν] (35)
This agrees with equation (15) and equation (26) for d = 4 and d = 5 respectively.
Also note that for d = 6, the dual Lagrangian obtained here is same as the Lagrangian
for φ[µ1µ2µ3]µ4 field constructed in [11]. Thus we get the general Lagrangian extending
Zinoviev construction to d-dimensions and its identification as dual spin-2 theory follows
from equation (34). The above Lagrangian can be written (apart from an overall factor)
in a more convenient form as
LD = (−1)
d
[
F[µ1µ2···µd−2]νF
[µ1µ2···µd−2]ν +
(d− 2)
(d− 3)
F[µ1µ2···µd−2]νF
[µ1µ2···µd−3ν]µd−2
−
(d− 2)2
(d− 3)
F α[µ1µ2···µd−3α] F
[µ1µ2···µd−3ρ]
ρ
]
. (36)
This form of the dual Lagrangian in a frame-like formulation is an important result of
this work.
This form of Lagrangian can be argued from the gauge invariance of the dual theory.
The most general Lagrangian involving the field strength F[µ1µ2···µd−2]ν(which is invariant
under ǫ˜ transformation given in equation (35)) is of the form
LD = (−1)
d
[
F[µ1µ2···µd−2]νF
[µ1µ2···µd−2]ν +BF[µ1µ2···µd−2]νF
[µ1µ2···µd−3ν]µd−2
+CF α[µ1µ2···µd−3α] F
ρ
[µ1µ2···µd−3ρ]
]
(37)
and by demanding the invariance given in equation (35) under Λ˜, the parameters get
fixed as
B =
(d− 2)
d− 3
, C = −
(d− 2)2
(d− 3)
. (38)
A metric-like formulation of Curtright’s theory has been formulated in [25]. The
connection of our frame-like formulation to the metric-like formulation can be obtained
by fixing the gauge φ[[µ1µ2···µd−3]ν] = 0 using Λ˜ transformation in (35). Then the gauge
transformation, which preserves this gauge under ǫ˜ becomes
δφ[µ1µ2···µd−3]ν = ∂µ1Aµ2···µd−3ν + ∂µ2Aµ3···µd−3νµ1 + · · · − (d− 3) ∂νAµ1µ2···µd−3 +
∂[µ1 êµ2···µd−3]ν (39)
where A is totally antisymmetric tensor and ê[µ2···µd−3]ν is a mixed symmetric tensor
with totally antisymmetric part removed. The field strength is invariant under ê
parameter and invariance of equation (37) under A parameter gives a relation between
the coefficients as (d−2)+B+C = 0. Thus there is a one-parameter family of theories
in metric-like formulation.
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4. Dual generating functional in d ≥ 4
In this section we obtain the equivalence between the generating functionals and derive
the mapping between the observables of the equivalent theories. For this we couple the
original field to an appropriate source and it is natural to couple eµνJ
µν . But this does
not have the shift symmetry of the field. The source has to couple to a combination
of field which has the global shift symmetry and also all the other gauge symmetries
of the original Lagrangian. Since we wish to use first order Lagrangian, the relevant
gauge transformations are that given in equation (6) and we couple the gauge invariant
observable ∂µων[αβ] − ∂νωµ[αβ] to the source J[µν][αβ]. The starting point now is the
Lagrangian
L
(4)
J = LI + J[µν][αβ](∂µων[αβ] − ∂νωµ[αβ]) (40)
where LI is equation (5). The gauge invariant observable chosen is linear Riemann
curvature tensor. First we illustrate the operator correspondence in 4d case. Now note
that global shift symmetry in equation(5) not modified. Hence the master Lagrangian
with the present augmentation of source J[µν][αβ] coupling is
L
(4)
M (J) = L
(4)
M + J[µν][αβ](∂
µων[αβ] − ∂νωµ[αβ]) (41)
where L
(4)
M is given in equation (9). Integrating over K field from the partition function
corresponding to the above Lagrangian L
(4)
M (J) gives the same delta function given
in (12). Integrating over fields ωµ[νλ] and eµν result in the (dual) partition function
corresponding to the (dual) Lagrangian
L
(4)
D [J ] = L
(4)
D −
1
2
J[µν][αβ]ǫ
αβρλ(∂µ∂ρφ
ν
λ − ∂
ν∂ρφ
µ
λ )
+
1
4
J[µν][αβ]{∂
µ(gνβǫαρλγ∂ρφλγ − g
ναǫβρλγ∂ρφλγ)
− ∂ν(gµβǫαρλγ∂ρφλγ − g
µαǫβρλγ∂ρφλγ)} (42)
where L
(4)
D is given in equation (15). Note here that the terms coupled with source
in above equation (42) has δφµν = Λ˜[µν](x) symmetry. Using this symmetry, the
antisymmetric part of φµν can be gauge fixed to zero retaining only the symmetric
part φsµν . Then the terms in the second and third line of equation (42) involving trace
of J[µν][αβ] vanish. Non-vanishing source coupling terms is −
1
2
J[µν][αβ]ǫ
ραβλ(∂µ∂ρφ
ν
λ −
∂ν∂ρφ
µ
λ ) ≡ −JR˜(L)(Φ
s) where R˜(L)(Φ
s) is dual linear Riemann tensor. Usually in
the mapping between the n-point correlators, dually equivalent n-point functions gets
contributions from contact terms. Here similar terms can be seen to arise if in the
partition function of the starting first-order theory equation (5), the ωµ[αβ] field integrals
are done. The resulting second-order theory is of the form
L(J) = L− J[µν][αβ]∂
ν(T [µα]β − T [µβ]α − T [αβ]µ)
− 30∂νJ
[µν][αβ]∂ρJ[µρ][αβ] + 72∂
νJ[αν][βµ]g
αβ∂ρJ
[σρ][γµ]gσγ (43)
where L is given in equation (2). Notice that the term linearly coupling to J[µν][αβ]
can be identified as the Riemann tensor when we use the invariance of eµν field under
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equation (4). Apart from contact term, by functionally differentiating the partition
functions corresponding to the Lagrangians in equation (41) and equation (42)with the
source, we get
< Rαβµν(x) Rσργδ(y) >=< R˜αβµν(x) R˜σργδ(y) >dual (44)
where R˜αβµν = ǫαβρσRρσµν .
Thus there is a duality mapping Rαβµν(h)→ ǫµνρσR
ρσ,αβ(Φs). Next we obtain the map
in 5-dim. Proceeding in the same way one will have the dual Lagrangian with source
coupled
L
(5)
D (J) = L
(5)
D −
1
18
J[µν][αβ]{∂
µ(gνβǫαρτγλF[ρτγ]λ − g
ναǫβρτγλF[ρτγ]λ)
− ∂ν(gµβǫαρτγλF[ρτγ]λ − g
µαǫβρλτγλF[ρτγ]λ)}
−
1
6
J[µν][αβ]ǫ
αβρτγ(∂µF ν[ρτγ] − ∂
νF
µ
[ρτγ]) (45)
where L
(5)
D is given in equation (26). Now this L
(5)
D also has δφ[µ1µ2]µ3 = Λ˜[µ1µ2µ3](x)
invariance and using this (as in 4-d) terms involving trace of J[µν][αβ] can be set
to vanish. From this we can identify the (linear) Riemann tensor as a function
of dual field as (∂µF νρτγ − ∂
νF µρτγ ). As in the earlier case, we get the mapping
Rµν,αβ → ǫαβρτγ(∂µF
[ρτγ]
ν − ∂νF
[ρτγ]
µ). This is easily generalised to d-dimensions where
the dual Lagrangian with source coupling is
L
(d)
D (J) = L
(d)
D −
1
(d− 2)!
J[µν][αβ]ǫ
µ1αβµ4···µd(∂µF ν[µ1µ4···µd] − ∂
νF
µ
[µ1µ4···µd]
)
+
J[µν][αβ]
(d− 2)(d− 2)!
{∂µ(ǫµ1αµ3µ4···µdF[µ1µ4···µd]µ3g
βν − ǫµ1βµ3µ4···µdF[µ1µ4···µd]µ3g
αν)
−∂ν(ǫµ1αµ3µ4···µdF[µ1µ4···µd]µ3g
βµ − ǫµ1βµ3µ4···µdF[µ1µ4···µd]µ3g
αµ)} (46)
where L
(d)
D is given in equation (34). Here we have identified
1
(d−2)!
(∂µF ν[µ1µ4···µd] −
∂νF
µ
[µ1µ4···µd]
) as the dual (linearised) Riemann tensor in terms of field strength. Thus
we obtain a dual formulation of generating functional with source coupled to linear
Riemann tensor, providing a mapping between Riemann tensor and dual Riemann tensor
Rµναβ → ǫαβµ1µ4···µdR νµµ1µ4···µd (47)
where the Riemann curvature tensor for the dual field Φ νµ4µ5...µd is
R νµµ1µ4···µd = (∂
µF νµ1µ4···µd − ∂
νF µµ1µ4···µd ). (48)
5. Conclusion
In this paper we have constructed the dual linearised gravity theory in arbitrary
dimensions in frame-like formulation. We start with a frame-like formulation of
linearised gravity, in a form equivalent to Fierz-Pauli theory and obtain the dual theory
using the global shift of tetrad field. Using this method we have obtained the partition
function in frame like formulation for dual theory in arbitrary dimensions. The dual
theory obtained in 5-dim. and 6-dim coincide with the theory considered by Zinoviev
Dual Linearised Gravity in Arbitrary Dimensions 12
for mixed symmetric tensor gauge fields φ[µν]λ and φ[µνλ]σ respectively. We have given
the dual theory in arbitrary dimensions in a closed form (up to an over all factor) as a
sum of three terms. The relative coefficients are crucial for the Lagrangian to have the
required invariance of dual spin-2 theory. Next we extend this to provide equivalence
at the level of n-point correlators, by coupling source to gauge invariant observable, the
(linear) Riemann tensor. This gives Riemann tensor in terms of the dual gravitational
field in d-dimensions. We thus show that the dual s=2 theory can be obtained at the
level of partition function and generating functional within the standard dual procedure.
We can also see that duality mapping derived here between the Riemann tensor for
the hµν field and that of the dual field implies the duality in the sense of exchanging
Bianchi identity and equation of motion. The details are in the appendix.
Although we have considered the dual formulation only at quadratic level (non-
interacting), it is desirable to extend this to cubic and higher order (interacting) terms.
There are several arguments indicating that duality symmetry must exist at interacting
case also. Hence the free-field analysis carried out here in a constructive scheme should
be considered as a first step towards the more fundamental problem of constructing dual
gravity including non-linearities. But in recent times several no-go theorems has been
proved [26], showing dual formulation of non-linear gravity should fall beyond the scope
of conventional perturbative local field theory.
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Appendix A. Duality between the equation of motion and Bianchi Identity
In this appendix we show that duality mapping derived between curvature tensor in
terms of hµν and the dual field implies duality exchange between equation of motion
and Bianchi identity. Using the duality map in equation (47) we first re-express the
Ricci tensor Rµν in terms of the dual field as
Rµν = ǫανρ3...ρd
(
∂αF [ρ3...ρd]µ − ∂µF
[ρ3...ρd]α
)
= − ǫανρ3...ρdR
[ρ3...ρd]α
µ. (A.1)
Note here that the Ricci tensor of hµν is thus mapped to the Bianchi identity of the
Riemann curvature tensor corresponding to the dual field. Using this, we see that the
equation of motion of (sourceless) linear gravity (in terms of hµν field) becomes
Rµν = 0 −→ ǫανρ3...ρdR
ρ3...ρdα
µ = 0 (A.2)
showing that the equation of motion for hµν gets mapped to the Bianchi identity for
the dual curvature under the map derived in equation (47). Under this duality map in
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equation (47), the Bianchi identity R[αβµ]ν = 0 becomes
R[αβµ]ν = 0 −→ ǫαβµσ4...σdǫ
µνρ3...ρd(∂αF βρ3...ρd − ∂
βF αρ3...ρd )
= ǫαβµσ4...σdǫ
µνρ3...ρdR βαρ3...ρd = 0. (A.3)
Now the equation of motion following from the Lagrangian in equation (36) is
2∂µ1F[µ1µ2...µd−2]ν+
1
(d− 3)
∂µ1F[µ1µ2...µd−3|ν|µd−2]−
(d− 2)
(d− 3)
∂µ1F
α|
[µ1µ2...µd−3|α
gµd−2]ν = 0(A.4)
Since the dual map in equation (47) is derived, only after gauge symmetry δφΛ =
Λ˜µ1...µd−3,ν is fixed, we have to do the same for the above equation of motion also. With
this the equation (A.4) becomes
−∂µ1F[µ1µ2...µd−2]ν + ∂
µ1F
α|
[µ1µ2...µd−3|α
gµd−2]ν = 0 (A.5)
which is identical to the right hand side of equation (A.3). Thus we see that the Bianchi
identity of linear gravity goes to the equation of motion under the duality map.
Using the duality map in equation (47) the other Bianchi identity ∂[µRνρ]αβ = 0
becomes
ǫµνρσ4...σd∂
µ(ǫαβρ3...ρd[∂νF ρρ3...ρd − ν ↔ ρ]) = 0 (A.6)
which is satisfied identically showing that the dual map is consistent with the Bianchi
identity.
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